We investigate the quantum-chaotic properties of the Dicke Hamiltonian; a quantum-optical model that describes a single-mode bosonic field interacting with an ensemble of N two-level atoms. This model exhibits a zero-temperature quantum phase transition in the N→ϱ limit, which we describe exactly in an effective Hamiltonian approach. We then numerically investigate the system at finite N, and by analyzing the level statistics, we demonstrate that the system undergoes a transition from quasi-integrability to quantum chaotic, and that this transition is caused by the precursors of the quantum phase transition. Our considerations of the wave function indicate that this is connected with a delocalization of the system and the emergence of macroscopic coherence. We also derive a semiclassical Dicke model that exhibits analogues of all the important features of the quantum model, such as the phase transition and the concurrent onset of chaos.
I. INTRODUCTION
Chaos plays a key role in considerations concerning the boundary between the classical and quantum worlds, not just because of the importance of chaos in classical physics ͓1͔, but because there is no direct analog of chaos in quantum mechanics ͓2͔. The linearity of quantum dynamics precludes the characteristic exponential sensitivity to initial conditions of classical chaos, and forces us to look for what are known as ''signatures of quantum chaos''-properties whose presence in the quantum system would lead us to expect the corresponding classical motion to be chaotic ͓3͔. Several such signatures have been identified, such as level statistics ͓4,5͔, level dynamics ͓6͔, and sensitivity to initial perturbation ͓7͔.
An often encountered feature of quantum-chaotic systems is that as some parameter is varied, these signatures bespeak a crossover from integrable to quantum-chaotic behavior. This parameter may, for example, describe the character of boundary conditions, such as the shape of a quantum billiard ͓5͔, the distribution of random fluctuations in disorder models ͓8-11͔, or the strength of some nonlinear potential or interaction ͓12-17͔. A large class of models may be described by a Hamiltonian of the form
where although H 0 is integrable, the full Hamiltonian H is not for any 0. Here, increasing the parameter from zero upwards gradually drives the system away from integrability and towards chaos. A well studied, albeit timedependent, example is the kicked rotator ͓3͔, where the parameter is the kick strength.
In this paper, we consider a system of the type described by Hamiltonian ͑1͒, but unlike the typically one-dimensional or noninteracting models, we shall consider a system of N interacting particles, in a situation where many-body and collective effects are critical. Specifically, the model we study exhibits a quantum phase transition ͑i.e., one at zero temperature ͓18͔͒ in the thermodynamic limit of N→ϱ at a critical value of the parameter, c .
The influence of a quantum phase transition ͑QPT͒ on the transition to chaos has been studied in a handful of cases. Important examples include the three-dimensional Anderson model, where the metal-insulator transition is accompanied by a change in the level statistics ͓8͔, and models of spin glass shards ͓10͔, which have found topical application in the study of the effects of quantum chaos on quantum computing ͓11͔. Heiss and co-workers have investigated the connection between the onset of chaos near a QPT and the exceptional points of the spectrum ͓19͔, both generically, and for the specific example of the Lipkin model ͓20͔.
In order to investigate the impact of QPT on the signatures of quantum chaos, we study the Dicke Hamiltonian ͑DH͒ ͓21͔, which is of key importance as a model describing the collective effects in quantum optics ͓22,23͔. We demonstrate that there is a clear connection between the precursors of the QPT and the onset of quantum chaos as manifested in the level statistics. We are able to understand this connection by studying the wave functions of the system, and by deriving a semiclassical analog of this intrinsically quantum system. This paper is an extension of our previous work ͓24͔.
In the form considered here, the DH describes a collection of N two-level atoms interacting with a single bosonic mode via a dipole interaction with an atom-field coupling strength . The DH may be written as
where a, a † describe a bosonic mode of frequency , and the angular momentum operators ͕J i ; iϭz,Ϯ͖ describe the ensemble of two-level atoms of level-splitting 0 in terms of a pseudospin of length jϭN/2. The thermodynamic limit of N→ϱ is thus equivalent to making the length of the pseudospin tend to infinity j→ϱ. The DH is usually considered in the standard quantum optics approach of the rotating-wave approximation ͑RWA͒, which is valid for small values of the *Email address: emary@theory.phy.umist.ac.uk coupling , and involves neglecting the counter-rotating terms a † J ϩ and aJ Ϫ . This makes the DH integrable, simplifying the analysis but also removing the possibility of quantum chaos. Dicke used this model to illustrate the importance of collective effects in the atom-light interaction ͓21͔, leading to the concept of super-radiance, where the atomic ensemble spontaneously emits with an intensity proportional to N 2 rather than N, as one would expect if the atoms were radiating incoherently ͓23͔.
The phase transition in the DH was first described by Hepp and Lieb ͓25͔, and a mathematically more transparent treatment was provided by Wang and Hioe ͓26͔. They considered the thermodynamics of the model in the RWA, and concluded that for a coupling of Ͻͱ 0 no phase transition occurs for any temperature, whereas for Ͼͱ 0 there exists a critical temperature T c given by
͑3͒
at which point the system undergoes a phase transition. Above the critical temperature, the system is in the effectively unexcited ''normal phase,'' whereas for TϽT c the system is in the ''super-radiant phase,'' a macroscopically excited and highly collective state that possesses the potential to super-radiate. In contrast to this earlier work, we shall consider this phase transition at zero temperature, where increasing the coupling through a critical value of c ϭͱ 0 /2 drives the system to undergo a transition from the normal to the super-radiant phase ͑the difference between this critical coupling c and the value quoted for the finite-temperature case arises because the latter has been derived in the RWA, which renormalizes the critical coupling by a factor of 2 ͓27,28͔͒. Here, we derive exact results without the RWA for the energy spectrum and eigenfunctions in the thermodynamic limit by employing a bosonization technique based upon the Holstein-Primakoff transformation of the angular momentum algebra ͓29,30͔. This enables us to derive an effective Hamiltonian to describe the system in each of its two phases. One important step that we take is the introduction of an abstract position-momentum representation for both field and atomic systems. This not only facilitates the formulation of the exact solutions, but also provides us with a useful way of visualizing the wave functions across the phase transition. There is a discrete ''parity'' symmetry associated with this model, and at the phase transition this symmetry becomes broken. This QPT has been discussed in the RWA by Hillery and Mlodinow ͓31͔, using an effective Hamiltonian method that is similar to ours. However, having illustrated the existence of the QPT, they concentrated solely on the normal phase, and were not interested in chaos.
Away from the thermodynamic limit at finite N and j, the DH is, in general, nonintegrable. Quantum-chaotic properties of the DH have been discussed by several authors ͓32-39͔ but, to the best of our knowledge, have never been connected with the QPT, and a systematic study of the dependence of the systems behavior on the number of atoms N is lacking.
Graham and Höhnerbach have contributed extensively to the discussion ͓32͔, especially in relation to the special case of spin-1/2 ͑the Rabi Hamiltonian͒, and have outlined many semiclassical and approximate schemes for these systems. Moreover, they have provided a preliminary analysis of the level statistics of the DH, concluding that spectra of the type associated with quantum chaos do occur for certain, isolated parameter values ͓33͔. Several authors have conducted studies on chaos in various ͑semi͒classical models related to DH ͓36 -39͔. That there have been several different semiclassical models is a consequence of the ambiguity in describing quantum spins in classical terms. The influence of the QPT also seems to have been overlooked in these semiclassical models.
We consider the quantum-mechanical system away from the thermodynamic limit by using numerical diagonalization, and examine the energy spectra of the system for signatures of quantum chaos. We consider the nearest-neighbor levelspacing distribution function P(S), which is perhaps the best-known signature of quantum chaos ͓3͔. We calculate the P(S) for various values of N and and demonstrate a clear connection between the change in P(S) from quasiintegrable to quantum chaotic and the coupling at which the QPT occurs, c . We then proceed to consider the wave functions of the system at finite N using an abstract position-momentum representation. This enables us to conclude that the precursors of the QPT give rise to a localization-delocalization transition in which the ground-state wave function bifurcates into a macroscopic superposition for any NϽϱ.
As mentioned above, much work has been done in trying to find a semiclassical analog of the DH ͓36 -39͔. The bosonization procedure that we employ here allows us to write the DH in terms of a pair of coupled harmonic oscillators. This suggests a very natural semiclassical analog of the DH, obtained by simply replacing the quantum oscillators with classical ones. We demonstrate that our semiclassical model reflects the quantum behavior better than those of previous studies. Specifically, our semiclassical model exhibits a symmetry-breaking phase transition in the limit that N→ϱ, and we show that the precursors of this classical transition give rise to the onset of classical chaos, in close agreement with the quantum model. An analog of the macroscopic superposition is also evident. In our conclusions, we pay special attention to the meaning of a classical limit for the DH and, in particular, the relevance of the semiclassical model derived here.
The paper is organized as follows. In Sec. II, we introduce the DH fully. Exact solutions are derived in the thermodynamic limit in Sec. III. Section IV sees an analysis of the level statistics and wave functions of the system at finite j. Our semiclassical model is derived in Sec. V, and its phase transition and chaotic properties are discussed. We discuss briefly the differences between the full DH and the Hamiltonian in the RWA in Sec. VI before we draw our final conclusions in Sec. VII. Some of our exact expressions are reproduced in the Appendix.
II. THE DICKE HAMILTONIAN
The full Dicke Hamiltonian ͑DH͒ models the interaction of N atoms with a number of bosonic field modes via dipole interactions within an ideal cavity ͓21͔. We initially represent the atoms as a collection of N identical, but distinguishable, two-level systems each with level splitting 0 . The ith atom is described by the spin-1/2 operators ͕s k (i) ; kϭz,Ϯ͖, obeying the commutation rules ͓s z ,s Ϯ ͔ϭϮs Ϯ ; ͓s ϩ ,s Ϫ ͔ϭ2s z . These two-level atoms interact with M bosonic modes, which have frequencies ͕ ␣ ͖, interact with coupling strengths ͕ ␣ ͖, and are described by the bosonic creation and annihilation operators ͕a ␣ † ͖ and ͕a ␣ ͖. In terms of these quantities, the full DH is given by
where we have set បϭ1. The origin of the factor 1/ͱN in the interaction is the fact that the original dipole coupling strength is proportional to 1/ͱV, where V is the volume of the cavity. By writing ϭN/V, where is the density of the atoms in the cavity, this becomes ͱ/N and by subsuming the density into the coupling constants ͕ ␣ ͖, we obtain 1/ͱN explicitly in the coupling. In Eq. ͑4͒, we have not made the usual RWA under which one would neglect the counter-rotating terms a ␣ † s ϩ (i) and a ␣ s Ϫ (i) . We shall consider aspects of the RWA in Sec. VI. We now specialize the Hamiltonian to consider a singlemode bosonic field, and thus we drop the subscript ␣. The analysis of this Hamiltonian is further simplified by the introduction of collective atomic operators
These operators obey the usual angular momentum commutation relations
The Hilbert space of this algebra is spanned by the kets ͕͉ j,m͘; mϭϪ j,Ϫ jϩ1, . . . , jϪ1,j͖, which are known as the Dicke states, and are eigenstates of J 2 and J z : J z ͉ j,m͘ ϭm͉ j,m͘ and J 2 ͉ j,m͘ϭ j( jϩ1)͉ j,m͘. The raising and lowering operators act on these states in the following way:
. Note that j corresponds to Dicke's ''cooperation number,'' which takes the values 1 2 , 3 2 , . . . ,N/2 for N odd, and 0,1, . . . ,N/2 for N even. For example, with Nϭ2 atoms, j can take the values 0 and 1. In terms of the s z values of the individual spins, the sector with jϭ1 contains the triplet states ͉↓↓͘, 2 Ϫ1/2 (͉↑↓͘ ϩ͉↓↑͘), and ͉↑↑͘. The jϭ0 sector contains only the singlet state 2 Ϫ1/2 (͉↑↓͘Ϫ͉↓↑͘). In general, the set of atomic configurations for NϾ2 is nontrivial ͓40͔ and, in terms of the individual atom configurations, the states are nonseparable and contain entanglement ͓41͔. In this work, we shall take j to have its maximal value jϭN/2, and once set, this value of j is constant, since the interaction in the DH does not mix j sectors. Thus, the collection of N two-level systems is described as a single (Nϩ1)-level system, which is viewed as a large pseudospin vector of length jϭN/2.
In terms of the collective operators, the single-mode DH may be written as
In the following, when we refer to the Dicke Hamiltonian we shall mean the single-mode Hamiltonian, unless otherwise stated. The resonance condition is ϭ 0 , and when plotting results we generally work on a scaled resonance, such that ϭ 0 ϭ1. Associated with the DH is a conserved parity ⌸, such that ͓H,⌸͔ϭ0, which is given by
where N is the ''excitation number'' and counts the total number of excitation quanta in the system. ⌸ possesses two eigenvalues Ϯ1, depending on whether the number of quanta is even or odd, and, correspondingly, the Hilbert space of the total system is split into two noninteracting subspaces. If we express the Hilbert space of the total system in terms of the basis ͕͉n͘ ͉ j,m͖͘, where ͉n͘ are number states of the field, a † a͉n͘ϭn͉n͘, and ͉ j,m͘ are the Dicke states, the DH and the significance of the parity operator may be viewed in a simple lattice analogy. We construct a twodimensional lattice, each point of which represents a basis vector and is labeled (n,m). An example of this lattice with jϭ1 is shown in Fig. 1 . Note that the lattice is finite in the ''m'' direction, but infinite in the 'n' direction, reflecting the dimensionality of the Hilbert space. In this picture, we see that because the interaction conserves the parity ⌸, states with an even total excitation number nϩmϩ j interact only with other even states, and odd states interact only with odd states. This has the effect of dividing the total lattice into two interweaved sublattices, which correspond to the two different parity sectors. Crucially, we see that the excitation energy Ϫ (1) is real only when 2 ϩ 0 2 уͱ( 0 2 Ϫ 2 ) 2 ϩ16 2 0 , or equivalently рͱ 0 /2ϭ c . Thus, we see that H
(1) remains valid for р c , i.e., in the normal phase. In this phase, the groundstate energy is given by E G (1) ϭϪ j 0 , which is O( j), whereas the excitation energies Ϯ
(1) are O(1). This means that by scaling our energies with j, the excitation spectrum above the ground state becomes quasicontinuous in the j →ϱ limit; that is to say that the excitation energies differ by an infinitesimal amount from E G . It should be noted that H (1) commutes with the parity operator ⌸, and thus the eigenstates of H
(1) have a definite parity, with the ground state having positive parity. This can been seen from the fact that at ϭ0, the ground state is ͉0͉͘ j,Ϫ j͘ in the original ͉n͉͘ j,m͘ basis, which clearly has an even excitation number, nϩmϩ jϭ0. As the energy levels in the normal phase are nondegenerate, the continuity of the ground state with increasing ensures that it always has positive parity in this phase.
B. Super-radiant phase
In order to describe the system above the phase transition, we must incorporate the fact that both the field and the atomic ensemble acquire macroscopic occupations. To do this, we start with the Holstein-Primakoff transformed Hamiltonian of Eq. ͑10͒ and displace the bosonic modes in either of the following ways:
Crucially, we assume that the as yet, undetermined parameters ␣ and ␤ are of the O( j), equivalent to assuming that both modes acquire nonzero, macroscopic mean fields above c . In the following, we shall just consider the displacements given by Eq. ͑21͒, as the calculation with the other choice is identical but for a few changes of sign.
Making these displacements, the Hamiltonian of Eq. ͑10͒ becomes
where for brevity we have written
and kϵ2 jϪ␤. Taking the thermodynamic limit by expanding the square root ͱ and then setting terms with overall powers of j in the denominator to zero, we obtain
͑24͒
We now eliminate the terms in the H (2) that are linear in the bosonic operators by choosing the displacements ␣ and ␤ so that
͑26͒
The ͱ␤ϭͱ␣ϭ0 solution of these equations recovers the normal phase Hamiltonian H (1) . The nontrivial solution gives
where we have defined
With these determinations, the effective Hamiltonian of Eq. ͑24͒ becomes
To facilitate the diagonalization of this bilinear Hamiltonian we move to a position-momentum representation defined by
where ϭ( 0 /2)(1ϩ). Note that this is not the same representation as defined in Eq. ͑13͒. The diagonalization then proceeds similarly as before, involving a rotation in the X-Y plane to the new coordinates
with the angle ␥ (2) given by
A subsequent requantization in terms of two new modes e Ϯ (2) , corresponding to the rotated, decoupled oscillators gives us the diagonal form
͑33͒
with the oscillator energies being given by
The Bogoliubov transformations that induce this diagonalization are given in Appendix A. The excitation energy Ϫ (2) , and hence H (2) , remains real, provided that ( 0 2 / 2 )ϩ 2 уͱ͓( 0 2 / 2 )Ϫ 2 ͔ 2 ϩ4 2 0 2 or, equivalently, уͱ 0 /2 ϭ c . Thus, we see that H (2) describes the system in the super-radiant phase, у c , in which the scaled ground-state energy is given by E G (2) / jϭϪ͕(2 2 /)ϩ( 0 2 /8 2 )͖. If we choose the signs of the operator displacements as per Eq. ͑22͒, we obtain exactly the same values of ␣ and ␤, and an effective Hamiltonian identical in form to Eq. ͑33͒, This clearly has the same spectrum and, therefore, each and every level of the total spectrum is doubly degenerate above the phase transition. What has occurred is that the symmetry of the ground state, defined by the operator ⌸, has become spontaneously broken at c . The Hamiltonian H (2) , for either choice of displacement, does not commute with ⌸, and thus its eigenfunctions do not possess good parity symmetry.
Although the global symmetry ⌸ becomes broken at the phase transition, two new local symmetries appear, corresponding to the operator
for both of the two different choices of mean-field displacements. This operator commutes with the appropriate superradiant Hamiltonian ͓H (2) ,⌸ (2) ͔ϭ0.
C. Phase transition
Having derived the two effective Hamiltonians that describe the system for all in the j→ϱ limit, we now describe the system's properties in each of its two phases. The fundamental excitations of the system are given by the energies Ϯ , which describe collective modes, similar to polariton modes in solid-state physics ͓43͔. The behavior of these energies as a function of coupling strength is displayed in Fig. 2 , where we have labeled the two branches as ''atomic'' and ''photonic,'' according to the nature of the excitation at zero coupling. From this figure we see that as the coupling approaches the critical value c , the excitation energy of the photonic mode vanishes, Ϫ →0, as → c , demonstrating the existence of the QPT. In contrast, ϩ tends towards a value of ͱ 0 2 ϩ 2 as → c from either direction. In the asymptotic limit of →ϱ, Ϫ → ͑returning to its ϭ0 value͒, whereas ϩ →4 2 /. The critical exponents of this QPT are manifested in the behavior of the excitation energies ͓18͔. As → c from either direction, the energy Ϫ can be shown to vanish as
The vanishing of Ϫ at c reveals this to be a second-order phase transition. We define the characteristic length scale in the system in terms of this energy as
From Eq. ͑36͒, this length diverges as ͉Ϫ c ͉ Ϫ with the exponent ϭ1/4. We then write that Ϫ vanishes as ͉Ϫ c ͉ z , with the dynamical critical exponent being given by zϭ2. At the phase transition point, we have
from which we see that at c the system becomes effectively one dimensional. The ground-state energy of the system E G is shown in Fig. 3 and the analytic form expression is given in Table I . Note that we scale all quantities by j, which means that the plotted E G / j is equal to 2E G /N, twice the energy per atom. We also plot the second derivative of the ground-state energy with respect to , which possesses a discontinuity at c , clearly locating the phase transition.
In Fig. 4 , we plot the atomic inversion ͗J z ͘/ j and the mean photon number ͗n a ͘/ jϵ͗a † a͘/ j. This figure clearly illustrates the nature of the phase transition; in the normal phase, the system is only microscopically excited, whereas above c both the field and the atomic ensemble acquire macroscopic excitations. We may write the values of the atomic inversion and the mean photon number above c in the following fashion:
Thus, making clear the physical meaning of the displacement parameters ␣ and ␤ in Eqs. ͑27͒.
D. Ground-state wave function
We now consider the ground-state wave functions of the system above and below the phase transition. After diagonalization, the two effective Hamiltonians are both of the form of a pair of uncoupled harmonic oscillators. Thus, in the representation in which the Hamiltonians are diagonal, their wave functions will simply be the product of the appropriate harmonic oscillator eigenfunctions. Here, we seek to express these wave functions in terms of the two-dimensional x-y representation of Eq. ͑13͒-which corresponds to the original atomic and field degrees of freedom.
We have already noted that in the Holstein-Primakoff representation, the parity operator has the form ⌸ϭexp͕i͓a † a ϩb † b͔͖. From our knowledge of the harmonic oscillator ͓42͔, we know that the action of ⌸ in the x-y representation is to perform the coordinate inversions, x→Ϫx and y→Ϫy, with p x and p y remaining unaffected. Thus, the operation of ⌸ is equivalent to a rotation of about the coordinate origin and, in the normal phase where ⌸ is a good quantum number, the wave functions will be seen to be invariant under this rotation.
The ground-state wave function of a single harmonic oscillator in terms of its coordinate q is a Gaussian with width determined by the energy of the oscillator. Correspondingly, we define the normalized Gaussian functions
where Ϯ (1,2) are the excitation energies encountered earlier. In the normal phase, the effective Hamiltonian H
(1) is diagonal in the q 1 -q 2 representation of Eq. ͑15͒ and its ground-state wave function ⌿ G (1) in this representation is, therefore,
Moving to the x-y representation, we have
and this wave function is plotted for various couplings in Fig. 5 . At ϭ0, the wave function is the product of orthogonal Gaussians of equal width ͑on resonance͒. As coupling increases, the wave packet becomes stretched in a direction determined by the angle ␥ (1) that on resonance is simply equal to /4. This stretching increases up to c , where the wave function diverges. We thus see the significance of the length l Ϫ introduced earlier-it is the extent of the wave function in the direction of this stretching. Correspondingly, l ϩ is the extent of the wave function in the orthogonal direction.
In the super-radiant phase, the ground state is degenerate. We shall initially consider the ground-state wave function of the effective Hamiltonian H (2) with displacements chosen in Eq. ͑21͒. This is diagonal in the Q 1 -Q 2 representation of Eq. ͑31͒, and therefore its ground-state wave function is
Using Eqs. ͑13͒, ͑21͒, ͑30͒, and ͑31͒ we may write this in the original x-y representation as
͑44͒
This expression contains displacements involving the macroscopic quantities ␣ and ␤, and so we define the new coordinates xЈ and yЈ to remove them:
with ⌬ x ϵͱ2␣/, ⌬ y ϵͱ2␤/ 0 , ͑46͒ which are both proportional to ͱj. The relationship between the coordinate system X-Y of Eq. ͑30͒ and xЈ-yЈ is very simple, namely, xЈϭX and yЈϭ ͱ / 0 Y . The coordinate system xЈ-yЈ is useful because although X-Y is the diagonal representation for the super-radiant phase, the definition of these coordinates depends upon and hence upon , which distorts the picture. In terms of these coordinates, the wave function becomes
Figure 6 shows ⌿ G (2) (xЈ,yЈ) for four different couplings. Just above the phase transition the wave function is in a highly deformed state, characterized by the divergent l Ϫ . As the coupling increases further above c , the wave function relaxes back to a well localized state.
When considered in the original x-y representation, the wave function ⌿ G (2) (xЈ,yЈ) pictured in Fig. 6 is centered about the point (ϩ⌬ x ,Ϫ⌬ y ), which lies in the lower-right quadrant of the x-y plane. The complementary wave function, identical in shape with this one but determined by displacements ͑22͒, is centered at (Ϫ⌬ x ,ϩ⌬ y ) in the upper-left quadrant. The positions of these two centers as parametric functions of coupling are shown in Fig. 7 . These two wave functions, corresponding to the two choices of displacement, are separated from the origin by an amount proportional to ͱj. It is thus clear that neither of these wave functions is symmetric under rotation of about the origin of the x-y coordinate system, demonstrating once more that the ⌸ symmetry has been broken. There is, however, symmetry with respect to a rotation of about the origin of each xЈϪyЈ coordinate system, which corresponds to the existence of the local symmetries associated with ⌸ (2) of Eq. ͑35͒. It is interesting to consider the behavior of the groundstate wave function as →ϱ. In this limit Ϫ (2) →, ϩ
→4 2 / and the mixing angle of the two modes ␥ (2) tends to zero, meaning that the modes decouple. The Bogoliubov transformations of the modes become e 1 † →c † , e 1 →c,
illustrating the decoupling. Note that the e 1 simply reverts to the c mode, whereas the e 2 mode tends towards a linear combination of the annihilation and creation operators. In this limit, the wave function becomes
which is independent of .
E. Squeezing
A bosonic field may said to be squeezed if the uncertainty in either of its quadratures (x or p x ) is less than the uncertainty in a coherent state ͓44͔. A coherent state is a minimum 
͑50͒
As we have introduced a bosonic algebra for the atomic collection, we now introduce an analogous definition for squeezing in the atoms, and say that in terms of the variances
the atoms are squeezed if either (⌬y) 2 or (⌬p y ) 2 is less than 1/2. The squeezing of atomic ensembles is usually defined in terms of the collective operators ͓46,47͔. Because the angular momentum operators obey the commutation relation ͓J ϩ ,J Ϫ ͔ϭ2J z , the uncertainty relation (⌬J x ) 2 (⌬J y ) 2 у 1 4 ͉͗J z ͉͘ 2 holds for any state. By substituting the HolsteinPrimakoff forms into this expression and taking the thermodynamic limit, we see that this relation reduces to (⌬y) 2 (⌬p y ) 2 у1/4, demonstrating the equivalence in the thermodynamic limit of our definition in terms of y and p y and the usual one. In the normal phase, the expressions for the variances are evaluated by simply making the appropriate substitutions from Appendix A and taking their ground-state expectation value. In the super-radiant phase, it can be shown that the variances of the original field and atomic modes of Eqs. ͑50͒ and ͑51͒ can be expressed in terms of the displaced coordinates as follows:
This results from the fact that the squeezing variances do not depend upon the displacements of the field modes, and thus evaluating the super-radiant variances is as simple as in the normal phase.
The analytic values of these variances in the ground state are shown in Appendix B and are plotted as functions of coupling in Fig. 8 . In the normal phase, as approaches c there is a sharp increase, and eventually a divergence, in (⌬x) 2 and (⌬y) 2 . This is accompanied by a slight squeezing of the momentum variances. In the super-radiant phase, the initially divergent values of (⌬x) 2 and (⌬y) 2 reduce rapidly with increasing coupling. The behavior of these variances reflects the nature of the wave functions plotted in Figs. 5 and 6. Notice that as →ϱ, (⌬x) 2 and (⌬p x ) 2 return to their ϭ0 values, whereas (⌬y) 2 and (⌬p y ) 2 become squeezed and antisqueezed, respectively. This is in agreement with the results of Eq. ͑48͒, which show that the e 1 mode becomes identical to the c mode, which is unsqueezed, whereas the e 2 mode reverts to a linear superposition of d and d † operators, which is a specific example of the Bogoliubov transformation producing a squeezed state ͓48͔.
IV. THE ONSET OF CHAOS
As we have just demonstrated, the DH is exactly integrable in the thermodynamic limit. However, for finite j this is not the case, and the possibility of quantum chaos remains. The signature of quantum chaos which we use to investigate this possibility is the character of the energy spectrum as quantified by the nearest-neighbor level distribution P(S). Bohigas et al. ͓5͔ first conjectured that the study of spectral quantities such as P(S), and their comparison with the results from random matrix theory should give an indication of quantum chaos. This may be understood by the following argument. Classically integrable systems have high degrees of symmetry and hence their quantum counterparts have many conserved quantum numbers. This permits level crossings to occur in the spectrum, leading to a P(S) with a maximum at small level spacing, S→0, with a P(S) given by the Poissonian distribution P P (S)ϭexp(ϪS). We shall call quantum spectra with Poissonian statistics ''quasiintegrable.'' Conversely, classically chaotic systems have no such integrals of motion and we thus expect their quantum energy spectra to be highly correlated and absent of crossings, leading to P(S)→0 as S→0. Although the precise form of the P(S) for chaotic systems depends on the symmetries of the model, we shall find that only the Wigner-Dyson distribution, P W (S)ϭS/2 exp(ϪS 2 /4), is of relevance here ͓49͔. Despite its popularity, it should be pointed out that the correspondence between the P(S) distribution and the integrability or otherwise of the classical system is not absolute, and exceptions do exist ͓50,51͔. Despite this, the P(S) does provide a convenient and useful indication of quantum chaos, and the conjecture does hold true in countless examples. In the present case, this signature turns out to be very accurate, as will be evinced when we compare the P(S) results with those of our semiclassical model.
A. Numerical diagonalization
Exact solutions for the DH at finite j do not exist, except in the very special case of jϭ1/2, where isolated exact ͑''Juddian''͒ solutions may be found ͓52,53͔. Consequently, we employ numerical diagonalization to investigate the system. To perform these diagonalizations we use the basis ͕͉n͘ ͉ j,m͖͘, where ͉n͘ are number states of the field and ͉ j,m͘ are the Dicke states. In performing the diagonalization, we truncate the bosonic Hilbert space, but always maintain the full Hilbert space of the pseudospin. The size of the matrices requiring diagonalization is reduced by restricting ourselves to a single-parity subspace, which is achieved by only considering states with nϩmϩ j even or odd for positive and negative parity, respectively. With j finite, ⌸ is a good quantum number, independent of coupling, and the ground state always has positive parity.
The results obtained via this diagonalization for the ground-state energy and its second derivative for a sequence of finite j values are plotted alongside the j→ϱ results in Fig. 3 , while the corresponding atomic inversions and mean photon numbers are plotted in Fig. 4 . These figures demonstrate how rapidly the finite j results approach their thermodynamic limits as j is increased.
B. Level statistics
Having numerically obtained the energy spectra of the DH, we can construct the nearest-neighbor level-spacing distribution P(S). This is formed from a large number of levels from the spectrum, which we initially unfold to remove secular variation ͓49͔. We then calculate the level spacings
where ͕E n ; nϭ0,1, . . . ͖ is the set of eigenenergies of the DH with positive parity, and construct their distribution function P(S). Finally, we normalize the results for comparison with the universal ensembles of random matrix theory ͓49͔. Figure 9 shows the P(S) distributions obtained for the DH at various values of and j. At low j ( jр3), the P(S) clearly do not correspond to any of the universal ensembles, but rather to nongeneric distributions consisting of several isolated peaks. This is most obvious in the jϭ1/2 case ͑not shown here͒, which is known as the Rabi Hamiltonian ͑RH͒ ͓54͔. The RH has a spectrum that is of ''picket-fence'' character ͓35͔, which is characteristic of genuinely integrable models such as one-dimensional systems and systems of harmonic oscillators ͓4͔. The RH is unusual and must be treated as a special case because, although it has never been shown to be integrable, isolated exact solutions do exist ͓52,53͔. Moreover, the model is separable and may be reduced to a single degree of freedom ͓32͔.
Returning to the P(S) distributions, we see that at low couplings Ͻ c ͓for example, ϭ0.2 in Fig. ͑9͔͒ , as we increase j, the P(S) loses its nongeneric features and approaches even closer the Poissonian distribution P P (S). At and above the critical coupling (ϭ0.5 and 0.8 in Fig. 9͒ , the spectrum is seen to converge onto the Wigner-Dyson distribution P W (S) as j is increased.
The nature of the change in the P(S) distribution may be characterized by the quantity
where S 0 ϭ0.472 913 . . . , the value of S at which the two generic distributions P P (S) and P W (S) first intersect ͓10͔.
measures the degree of similarity of the calculated P(S) to the Wigner surmise P W (S), and is normalized such that if
P(S)ϭ P W (S) then ϭ0, and if P(S)ϭ P P (S) then ϭ1.
The behavior of as a function of coupling for jϭ5 and j ϭ20 is shown in Fig. 10 . Considering the jϭ20 case first, we see that the spectrum is strongly Poissonian at low couplings, and that as is increased towards c it becomes more Wigner-Dyson-like. This proceeds until we reach c , about which the spectrum is remarkably well described by P W (S).
Note that for Ͻ c the value of drops steadily with coupling, whereas above c it maintains an approximately constant value close to zero. For the jϭ5 case, a similar transition is observed, but it is not as pronounced and the agreement with the universal distributions is not as good as in the higher j case. Thus, for sufficiently high j, we see a significant change in P(S) as is increased from zero through the critical value c . Below c , there is a significant amount of level crossing, which decreases as we approach c . Above c , there is practically none, to within statistical error. Thus, we conclude that the precursors of the QPT in this model lead to a crossover from quasiintegrable to quantum-chaotic behavior at Ϸ c for sufficiently high j.
C. Regularity at low energy
A further transition between integrable and chaotic behavior is observed in the sequence of level spacings S n as the coupling is increased from c to ϱ. In the →ϱ limit, the DH is integrable for arbitrary j and equivalent to
The eigenstates of H →ϱ are obviously eigenstates of J x , and thus
where mϭϪ j, . . . , j is the eigenvalue of J x . This bosonic Hamiltonian is diagonalized by the displacement a→a Ϫ2m/ͱ2 j, giving the eigenvalues to be
where kϭ0,1,2, . . . . The energy levels with ϩm and Ϫm are degenerate. As is increased from c to approach this →ϱ limit with j fixed, the spectrum reverts from Wigner-like to integrable. However, it does not follow the usual transition sequence of the Wigner distribution, gradually changing into a Poissonian one, as one might expect, but rather through a sequence illustrated in Fig. 11 . For couplings sufficiently higher than c , the spectrum becomes very regular at low energy, where it approximates the →ϱ results very closely. Outside the regular region the spectrum is well described by the Wigner surmise, and the energy scale over which the change between the two regimes occurs is seen to be surprisingly narrow. As coupling is increased, the size of the lowenergy integrable window increases, until it eventually engulfs the whole spectrum as →ϱ. This division of the spectrum into regions is close to Percival's conception of how regular and irregular behavior would manifest itself in quantum systems ͓55͔.
D. Wave functions for finite j
We now consider the wave functions of the DH at finite j. To do this, we shall use the position-momentum representation of Eq. ͑13͒ used earlier in discussing the wave functions in the thermodynamic limit. We begin with the eigenfunctions obtained from numerical diagonalization, which are of the form
where n c is the maximum boson number in the artificially truncated Fock space, and c nm ( j) are coefficients. The position representatives of the number states of the field ͉n͘ are simply the usual harmonic oscillator eigenfunctions 
This is a very productive representation in which to study this Hamiltonian. It does, however, suffer from the drawback that whereas the set of oscillator eigenfunctions Eq. ͑59͒ forms an orthonormal set in the x direction, this is not the case in the y direction as we only keep up to the (2 j)th oscillator eigenfunction in this direction. This means, for example, that we could not go from an arbitrary wave function in the y direction to a description in terms of the Dicke states because we do not have a complete set of functions in this direction. Specifically, the significant width of the wave function is limited in the y direction by the maximum significant extent of the highest Hermite polynomial H 2 j . However, if we know the value of j and only consider wave functions that are describable in terms of these, then the representation is unique. Figure 12 shows the ground-state wave function of the DH with jϭ5 for a series of increasing couplings. Note that the wave function is always invariant under a rotation of about the origin as demanded by the ⌸ symmetry. This wave function starts as a single lobe centered at the origin for low coupling. As the coupling increases, the two modes start mixing, leading to a stretching of the single-peaked wave function, which then splits into two as coupling is increased through a coupling approximately equal to c . On further increasing the coupling, the two lobes move away from each other in their respective quadrants of the x-y plane.
The key observation regarding the two lobes formed above c is that, provided j and are both sufficiently large, their displacement from each other is proportional to ͱj, and that this is a macroscopic quantity. The excited states exhibit a similar behavior, having an extent proportional to ͱj above the phase transition.
Therefore, around the critical coupling Ϸ c , the wave functions of the system become delocalized, and the extent of this delocalization is proportional to ͱj. As this is a macroscopic quantity, we see that above c , the system at finite j develops macroscopic coherence in its wave functions. The most striking example of this is the ground state, where the two macroscopically different lobes are reminiscent of the two states of a Schrödinger cat.
The delocalization and the accompanying macroscopic coherence are rather general features of the onset of chaos, and are natural consequences of the exponential divergence of trajectories in a classically chaotic system ͓56͔. If we consider a small volume of initial conditions in the classical phase space ͑a well-localized initial wave packet͒, and let the system evolve chaotically, this initial volume rapidly becomes blurred out over the entire phase space accessible to it. This is reflected in the quantum system by the delocalization of the wave functions. That such systems are macroscopically coherent may be seen from the observation that under Hamiltonian dynamics, the volume of the initial ''wave packet'' remains constant in time ͑Liouville's theorem͒. This means that the exponential divergence in some direction leads to the exponential contraction in others. This contraction will continue until the size of the packet becomes of the order of ប and quantum effects come into play. If we imagine that the wave packet becomes narrow in the direction of momentum p, then the uncertainty ⌬ p becomes very small. In order that the Heisenberg uncertainty relation holds, the uncertainty in the corresponding coordinate ⌬x must become very large, and this leads to the emergence of macroscopic coherence in the system.
This effect is what was observed in the variances calculated earlier in connection with squeezing in the thermodynamic limit. As → c from below, the variances (⌬x) 2 and (⌬y) 2 diverged, with (⌬p x ) 2 and (⌬p y ) 2 remaining near their quantum limit of 1/2. The behavior of these variances then reflects the onset of quantum chaos and the macroscopic coherence of the wave functions. A vital difference between the j→ϱ and the finite j results thus emerges in the superradiant phase. In the thermodynamic limit, the variances (⌬x) 2 and (⌬y) 2 reduce as is increased from c , indicating that the wave functions become localized and lose this macroscopic coherence. This is in contrast with the finite j, where sufficiently above c the wave function is always delocalized and the variances are O(ͱj). This is because, whereas at finite j we obey ⌸ symmetry and thus have both the lobes of the wave function, in the thermodynamic limit we consider each lobe separately under the broken symmetry. The individual lobes are themselves localized and this is where the discrepancy arises. This is, we believe, the reason why, although the spectrum is of the Wigner-Dyson type for large j, the spectrum in the j→ϱ limit is integrable, since in this limit the wave functions possess no delocalization and no macroscopic coherence.
This picture also provides us with an explanation of why P(S) for very small j are of the nongeneric one-dimensional type. As the extent of the wave function in the y direction is effectively constrained by the number of harmonic eigenfunctions in that direction, which is determined by j, having a small j prevents full delocalization in this direction, inhibiting the chaoticity of the quantum system.
V. THE SEMICLASSICAL MODEL
As noted in the Introduction, there have been many different semiclassical models derived from the DH ͓36 -39͔. That there have been so many different approaches is a reflection of the fact that the quantum-mechanical spin possesses no direct classical analog. Nevertheless, semiclassical models can be constructed, and in the following we shall propose a different approach. Before this, let us briefly examine some of the previous work.
A widely discussed approach is that of a Hartree-Focktype approximation in which one derives the Heisenberg equations of motion for the system and replaces the operators in these equations by their expectation values ͓32͔. These are treated as classical variables and a set of nonlinear equations of motion are obtained for them, which show classical chaos for certain parameter ranges ͓37͔. Despite this, the above approach is not completely satisfactory as the motion only depends on j in a trivial way. Furuya et al. have studied a classical model similar to the one we propose below ͓36͔. They derived their semiclassical Hamiltonian by evaluating the expectation value of the DH in a state composed of a product of photonic and atomic coherent states, and this system was also shown to exhibit chaos. Despite the similarity of their model to ours, they did not discuss the role of the phase transition in determining the chaoticity of the model, which is a key feature of our model.
We start with the DH in the bosonic form of Eq. ͑10͒:
which is identical to Eq. ͑14͒ from the quantum analysis, and may be diagonalized with the same rotation. The equilibrium position of Hamiltonian H sc (1) is the origin: xϭyϭ p x ϭ p y ϭ0.
An effective Hamiltonian for the super-radiant phase is derived in the same way as in the quantum case, by displacing the coordinates as in Eq. ͑45͒, so that x→xЈϮ⌬ x ,y →yЈϯ⌬ y , where the displacements are the same as before: ⌬ x ϵͱ2␣/ and ⌬ y ϵͱ2␤/ 0 . Making these displacements and then taking the thermodynamic limit results in a Hamiltonian H sc (2) that is identical with the quantum Hamiltonian H (2) of Eq. ͑29͒ in the appropriate position-momentum representation, which may thus be diagonalized with the same rotation. The equilibrium positions of H sc (2) are (ϩ⌬ x , Ϫ⌬ y ) and (Ϫ⌬ x ,ϩ⌬ y ).
The bounds on the existence of these classical effective Hamiltonians are exactly as in the quantum case-the excitation energies Ϫ
(1) and Ϫ (2) of the decoupled modes remain real only on their respective sides of the critical coupling c , which has the same value as in the quantum case. Clearly, the semiclassical system is completely integrable in this thermodynamic limit.
B. Equations of motion
To analyze the behavior of this semiclassical system for finite j, we form Hamilton's equations of motion from the derivatives of H sc ͓57͔
where as before
It is not a priori obvious that this flow should preserve the condition set out in Eq. ͑66͒. However, we have demonstrated numerically that, provided we choose initial conditions that satisfy Eq. ͑66͒, then this condition is always satisfied. Although we have not shown this analytically, it can at least be seen to be plausible. Calculating ϭd/dt ϭ͕H,͖, where ͕•••͖ denote Poisson brackets, we find that
so that as approaches unity its rate of change approaches zero, implying that it is bound appropriately.
We now determine the fixed points of this flow at finite j by setting ẋ ϭẏ ϭ0, ṗ x ϭ ṗ y ϭ0. The simplest fixed point is given by xϭyϭ p x ϭ p y ϭ0, the coordinate origin. By calculating the Hessian stability matrix from the second derivatives of H, we see that this fixed point is only stable when 1 2
i.e., when
There are two other fixed points, both of which have p x ϭ p y ϭ0, and with x and y given by
These two quantities only remain real, provided that 1 ϩ(1/4j)Ϫ( c 2 / 2 )Ͼ0, which corresponds to the condition
͑74͒
Provided that the above condition is fulfilled, the fixed points given by (ϩx 0 ,Ϫy 0 ) and (Ϫx 0 ,ϩy 0 ) exist and are stable. So, below the coupling c /ͱ1ϩ1/(4 j), only one fixed point exists, which lies at the coordinate origin and is stable. Above ϭ c /ͱ1ϩ1/(4 j), this fixed point becomes unstable and two new stable fixed points appear at the coordinates (ϩx 0 ,Ϫy 0 ) and (Ϫx 0 ,ϩy 0 ). Note that these expressions give us the first correction to the location of the critical coupling in terms of a perturbation series in j. We can consider this semiclassical system as a particle moving in the two-dimensional, momentum-dependent potential
Maps of this potential for different values of increasing coupling and for two different values of p y are shown in Fig. 13 . First, note how significantly the value of p y affects the shape of the potential felt by the ''particle.'' For example, above c at ϭ0.8, with p y ϭ0, the potential bifurcates into two separate wells, whereas for p y ϭ3 it does not. Also note the similarity between the plot of U(x,y,p y ) for p y ϭ0 and the plot of the wave function in Fig. 12 . It is clear that the p y ϭ0 potential largely determines the structure of the wave func-tion at finite j, presumably because the location of the fixed points are determined with p y ϭ0.
C. Chaos in the semiclassical model
We numerically integrate Hamilton's equations of motion for the semiclassical system for a variety of different parameters and initial conditions. In order to analyze the trajectories resulting from these integrations, we use Poincaré sections through the four-dimensional phase space. As this system is Hamiltonian, the energy
is conserved, and thus we define our surface of section by p x ϭ0 with, p y being fixed by the energy E. We only record traversals for p y Ͼ0. Poincaré sections for illustrative parameter values are shown in Fig. 14 . At low (р0.4 in Fig. 14͒ , the Poincaré sections consist of a series of regular, periodic orbits. Approaching the critical coupling (ϭ0.44,0.5 in Fig. 14͒ , we see a change in the character of the periodic orbits, and also the emergence of a number of chaotic trajectories. Increasing the coupling further results in the breakup of the remaining periodic orbits and the whole phase space becomes chaotic for couplings a little over the critical value (ϭ0.6 in Fig. 14͒ . This transition to chaos in the classical system mirrors very closely that seen in the quantum system, especially in the way that most of the change in the nature of the behavior is centered about the critical coupling determined by the phase transition. An interesting feature of this classical Hamiltonian is that the ͑re͒quantization of this Hamiltonian is not unique. This is because the potential U(x,y,p y ) depends on the momentum p y , a situation that may be compared to the quantization of a Lagrangian for an electron in a magnetic field, where an extra ''rule'' is required to obtain the correct quantization. We may requantize H sc by simply reversing the steps in Eqs ͑61͒-͑65͒. However this is not the most obvious path, since it involves the addition of extra, imaginary, p y -dependent terms that have canceled in the final Hamiltonian. Alternatively, one may simply requantize Eq. ͑65͒ as it stands, which results in the Hamiltonian
͑77͒
which is clearly different to the original bosonic Hamiltonian of Eq. ͑61͒. This ambiguity disappears in the thermodynamic limit, since here U(x,y,p y ) becomes momentum independent in this limit in both systems phases. We note that the classical Hamiltonian
which is the same as the original Hamiltonian of Eq. ͑65͒, but with p y 2 removed from the square root it displays a similar behavior to that of the full Hamiltonian. The gain in simplicity in using this model suggests that it would be an ideal test model for further exploration of the dynamics of this FIG. 13 . The momentum-dependent potential U(x,y,p y ) at two different values of momentum p y ϭ0 ͑left͒ and p y ϭ3 ͑right͒ for a series of couplings the same as in Fig. ͑12͒ . Note the difference in scales between the two plots. The Hamiltonian is on scaled resonance: ϭ 0 ϭ1, c ϭ0.5. type of Hamiltonian constrained by a square-root. The behavior of the Hamiltonian HЉ, and the fact that the p y ϭ0 potential largely dominates the dynamics of H cl and the structure of the wave function of the original DH suggest that the requantization route is not critical, provided that j is not small.
VI. THE RWA AND INTEGRABILITY
The DH in the RWA is given by
It is in this form that the DH is generally studied and in which the thermodynamics of the phase transition were originally discussed ͓25,26͔. In the RWA, the QPT occurs at a coupling that is twice that of the non-RWA critical value c RWA ϭ2 c ϭͱ 0 ͓27,28͔. This is simply a consequence of the fact that in the non-RWA DH there are four terms in the interaction, whereas here we only have two. As each term contributes to the mean field, the critical coupling of the RWA is twice as large as the non-RWA one.
In the RWA, the excitation number N of Eq. ͑8͒ becomes exactly conserved. This splits the total Hilbert space into an infinite number of subspaces, labeled by the excitation number n ϭ0,1,2, . . . , which in turn leads to level crossings and to a Poisson distribution for P(S). The crossover between the RWA and non-RWA P(S) distributions has been studied by treating the non-RWA terms as a perturbation ͓34͔, and it was found that as the strength of this perturbation is increased from zero to one, a standard crossover between Poissonian and Wigner-Dyson statistics is observed.
Here, we report two observations concerning the difference between the RWA and non-RWA models. First, a calculational issue that arises when considering the RWA system in the thermodynamic limit. We may derive effective Hamiltonians in each phase by using the Holstein-Primakoff representation as before. In the normal phase, we obtain
The Bogoliubov transformations required to diagonalize this Hamiltonian are much simpler in terms of annihilation and creation operators than those for the non-RWA case. Specifically, the RWA diagonalizing transformations are a→Ϫc 1 sin ␤ϩc 2 cos ␤; b→c 1 cos ␤ϩc 2 sin ␤, ͑81͒
plus the Hermitian conjugate relations, where the rotation angle ␤ is given by tan͑2␤ ͒ϭ 2 Ϫ 0 . ͑82͒
The transformation for annihilation operators only involves annihilation operators, and the same with the creation operators. This is in contrast with the non-RWA transformations, which transform any given operator into a linear combination of all four operators. Therefore, in the RWA it is very simple to find the diagonalizing transformation in the second quantized representation, whereas in the non-RWA case, this diagonalization only becomes transparent when one considers the first quantized position-momentum representation of the operators. The converse of this statement is true; it is hard to find the diagonalizing transformation in the RWA if one works in the position-momentum representation. We conjecture that this is a more general point than just applying here, and hope that this observation may be useful in other problems.
Our second observation concerns the comparison of the energy spectra at finite j of the RWA ͓58͔ and non-RWA Hamiltonians. Figure 15 shows two typical spectra, with coupling axes chosen for easy comparison. In terms of the appropriate critical coupling, the ground-state energy of the non-RWA spectrum is remarkably well approximated by the caustic of all the energy levels in the RWA spectrum that have negative slopes. As j increases, this approximation becomes better as the length of the individual line segments become shorter, until, in the thermodynamic limit, the correspondence of the ground states becomes exact and both excitation spectra become quasicontinuous.
VII. DISCUSSION
We have presented a coherent and comprehensive picture of how the existence of a QPT in the thermodynamic limit plays a crucial role in determining chaotic properties in a model interacting system. The DH exhibits a changeover from quasiintegrability to chaos, and this transition is located by the precursors of the QPT around the critical point, c . This statement applies equally well to the original quantum system and to the semiclassical counterpart derived from it.
Our analysis of the DH in the thermodynamic limit consists of deriving an effective Hamiltonian to describe the system in each of its normal and super-radiant phases. For arbitrary coupling, the system is described in terms of two decoupled modes, each of which is a collective photon-atom excitation, and it is the vanishing of the excitation energy associated with the photonlike mode, that delimits the two phases. Our approach is particularly useful because we can calculate exactly any property of the system in the thermodynamic limit by simply utilizing the appropriate Bogoliubov transformations.
This analysis reveals that the QPT breaks the symmetry associated with the parity operator ⌸. In the normal phase, where the system in effectively unexcited, the wave functions of the system are invariant with respect to ⌸. In the super-radiant phase, however, this global symmetry is broken and two new local symmetries appear, each of which describes an isolated wave function lobe, and the spectrum is doubly degenerate. This symmetry breaking, strictly only occurs in the thermodynamic limit and, at any finite j, these lobes are joined together in a total wave function that is ⌸ invariant. That these two lobes are separated by a macroscopic amount, proportional to the square root of the system size, means that the onset of chaos is accompanied by the delocalization of the wave functions and the appearance of macroscopic coherence in the system. Similar features occur in the three-dimensional Anderson model. This model of a disordered electron system exhibits a metal-insulator transition, in which the wave functions are localized for strong disorder and delocalized where the disorder is weak ͓8,59,60͔. An analysis of the level statistics shows that P(S) changes from Poissonian to Wigner-Dyson at the phase-transition point, which is determined by the magnitude of the random potential fluctuations. It is remarkable that our comparatively simple model should bear so many important features in common with complex disorder models, such as the Anderson model; although one feature of such models, for which we have found no evidence of in the DH, is the existence of a third universal P(S) distribution precisely at the critical coupling ͓8͔.
There are two different classical limits involved with the Dicke model and, by extension, models of similar nature involving quantum spins and boson fields. First, there is the FIG. 15 . The full energy schema of the ͑a͒ non-RWA and ͑b͒ RWA Dicke Hamiltonian for jϭ5. The Hamiltonian is on scaled resonance; ϭ 0 ϭ1. limit of j→ϱ, in which the length of the spin becomes macroscopic. The second is the limit ប→0, which we have performed here when setting bosonic commutators equal to zero.
These limits may be applied independently and in either order. If we apply the j→ϱ limit first to the DH, we obtain the effective Hamiltonians H (1, 2) . Taking then ប→0 by setting the commutators of the collective modes to zero, we simply obtain H sc (1,2) , the two classical effective Hamiltonians. Note that the integrability of H (1,2) makes this ''dequantization'' direct and unambiguous. Applying this limit in the other order means that starting with the DH in the Holstein-Primakoff representation, we set ប→0 by setting the original field and atom bosonic commutators to zero, which results in our semiclassical Hamiltonian H sc . Subsequently, taking the j→ϱ limit results in H sc (1,2) as above, showing that we obtain the same result independent of the order in which the limits are taken.
After both limits, the system described by H sc (1,2) is ''the classical'' analog of the DH, describing a macroscopic collection of atoms in terms of classical variables. This system is completely integrable, and there is no sign of chaos either in it or its quantized counterpart H (1, 2) . These results support the recent argument put forward by Ballentine concerning the existence of so-called ''semiquantum chaos'' ͓61͔. Semiquantum chaos is that which arises from the coupling of a quantum and a classical system, neither of which are by themselves chaotic. Ballentine studied a model of a massive particle of mass m interacting with a spin-1/2. By considering the semiclassical limit of m→ϱ, the semiquantum system of a quantum spin interacting with a classical particle was realized. He demonstrated that as m →ϱ, the chaos in the system rapidly disappeared. Our results here may be seen as the complement to this system, where the mass is kept constant but the length of the pseudospin is taken to the classical limit j→ϱ. Given the integrability of the DH is this limit, there is certainly no semiquantum chaos in our system, which lends additional weight to Ballentine's claim that semiquantum chaos does not exist.
The question then arises; what is the status of the two systems obtained by only taking one of the two limits. In the case of only taking the j→ϱ limit, the answer is simple; H (1,2) is a direct quantization of H sc (1,2) and describes quantum fluctuations around classical mean fields. More interesting is the status of H sc . We have shown here that its behavior matches very closely that of the quantum DH, and that it has been derived in an almost canonical way, so its mathematical status as the semiclassical counterpart of the DH seems reasonably secure, but what is the relevance of this model to the physical system is less obvious.
The nature of the ប→0 limit suggests that this model might be useful in describing the model when there are a few atoms ͑10-20͒ present, and almost-classical fields, i.e., coherent states, are applied. Under these circumstances, the original DH and semiclassical model H sc might be fruitfully compared.
